Precise beam based measurement and correction of magnetic optics is essential for the successful operation of accelerators. The LOCO algorithm is a proven and reliable tool, which in some situations can be improved by using a broader class of experimental data. The standard data sets for LOCO include the closed orbit responses to dipole corrector variation, dispersion, and betatron tunes. This paper discusses the benefits from augmenting the data with four additional classes of experimental data: the beam shape measured with beam profile monitors; responses of closed orbit bumps to focusing field variations; betatron tune responses to focusing field variations; BPM-to-BPM betatron phase advances and beta functions in BPMs from turn-by-turn coordinates of kicked beam. All of the described features were implemented in the Sixdsimulation software that was used to correct the optics of the VEPP-2000 collider, the VEPP-5 injector booster ring, and the FAST linac.
I. INTRODUCTION
Successful operation of modern particle accelerators requires precise control over the magnetic fields along the path of charged particles. Strong focusing schemes, high element density, and many other aspects make the task of building a machine to specified requirements in terms of beam properties on the first beam run almost impossible and certainly very expensive. With sufficient beam instrumentation and correction capabilities in the accelerator, it is possible to partially substitute the tedious direct characterization of magnetic fields with beam based methods.
Beam based methods can be divided into two groups. The first group of methods can provide information about beam without knowing the detailed model of the accelerator. The second group is aimed at obtaining a complete model of the machine. Methods from the first group differ by complexity, from measuring betatron tunes, to obtaining beta-functions from analysis of kicked beam oscillation and many others. The LOCO method is a well tested and reliable example from the second group [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] . It is based on the analysis of closed orbit responses to dipole corrector variations. The model of accelerator is adjusted so that it best describes the measured data. The robustness of LOCO is based on the significant redundancy of experimental data.
One of the key requirements of LOCO-like methods is the non-degenerate dependence of measurable parameters predicted by the model on the model parameters. Therefore an addition of different types of experimental data can noticeably improve the performance of such * Operated by Fermi Research Alliance, LLC under Contract No.
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methods. For example, the trajectory response matrix is often expanded with the measured dispersion [2] [3] [4] [5] 8] and betatron tunes [9] . Inspired by the improvements of basic LOCO performance through the addition of dispersion and betatron tunes, further steps were made in terms of inclusion of various experimental data sets. For electron machines, for example, it is beneficial to use beam shape measurements with profile monitors based on synchrotron light. Other discussed data sets are the responses of closed orbit bumps to focusing field variations; betatron tune responses to focusing field variations; BPM-to-BPM betatron phase advances and beta functions in BPMs from turn-by-turn coordinates of kicked beam.
The development of the Sixdsimulation code was initiated as a tool for calculation of linear optics parameters in fully coupled circular machines in 6D phase space. Based on the developed analytical core, the code further evolved into a versatile tool with graphical user interface capable of highly automated linear lattice and closed orbit error measurements and corrections. The ease of integration into the control system of an accelerator, as well as the possibility to use saved data and other features allowed to use the code for the tuning of the VEPP-2000 collider, the VEPP-5 injector booster ring (both at BINP, Novosibirsk, Russia), and of the FAST linear accelerator (Fermilab, Batavia, Illinois).
In the present paper we describe the underlying principles of the expanded analysis algorithm (Sec. II-IV) and demonstrate the results of its application to various machines, including examples of possible ways to resolve degeneracies (Sec. V).
II. INVERSE PROBLEM SOLVER
Both tasks of the closed orbit and linear lattice correction can be formulated as inverse problems, when some set of experimental data V exp,j is available, and the goal is to find the parameters P i of the model M j (P i ) that best describes the measurements. To find the approximate solution, the iterative method is used. The model predictions at the iteration (n) are:
where s j are normalization coefficients that can be used to modify the weights of some experimental data points. This approach is found to be very effective. For example, it can be used to freeze betatron tunes or improve the correction of the dispersion. Additionally, both V exp,j and V mod,j are assumed to be normalized to the statistical errors of V exp,j .
The parameters of the model after iteration (n) are:
The difference between the experimental data and the model data is:
The goal is to find such variation of the parameters ∆P (n) i that cancels the residual difference between the model and the experimental data:
The model can be linearized in case of small parameter variation:
ji is the linearized and weighted model at iteration (n):
The variation of model parameters can be obtained from Equation (6) by applying pseudo inversion to the M (n) ji . Singular Value Decomposition (SVD) is a powerful method for such calculation. One of the remarkable features of this technique is easy control over the influence of the statistical error in the experimental data on the output result. Applying SVD gives the parameter variations at iteration (n):
Summation over all iterations gives the total correction to the model parameters:
To get the uncertainty of the ∆P i its direct dependence from V exp,j is needed. It is more practical to search for direct dependence from D (0) j , which is, for this task is equivalent to V exp,j , since V (0) j does not depend on experimental data:
here T is final transformation matrix. Values D (0) j are normalized to statistical sigmas, therefore uncertainty of reconstructed parameters is:
Induction method can be used to derive matrix T . For clarity both sets of normalization coefficients are set to unity. Equation (7) gives dependence at step "0":
For the next step equation (7) need to be expanded to get direct dependence on
Resulting equation for matrix T is:
Equation (13) may be very computationally intensive, since δM (m) ji are square matrices with dimension N × N , where N is the number of experimental data. Recursive formula is more efficient:
The χ 2 gives an indication of the model quality:
If the systematic errors are absent, the equilibrium value of this function should be:
where M is the number of the model parameters, and σ χ 2 eq is the statistical sigma of the χ 2 eq . The fitted model is already a good result, but in most cases the goal is the correction of the found distortions. In the case of unsolvable errors, such as unexpected gradients in the main dipoles, another inverse task must be solved to find the new ideal configuration that accounts for the found features of the ring.
III. TRAJECTORY CORRECTION
One of the first tasks during machine commissioning is the trajectory correction. It consists of two parts: the first is to find distortions, and the second is to find corrector settings to compensate them.
It is possible to use calibrated BPMs to measure beam misalignments directly. However, the primary goal usually is to have the beam passing on the magnetic axis of the focusing elements. A beam based method can be used to solve this task. If the beam goes through the focusing element off axis, the change of its strength will modify the trajectory. This effect can be used to measure the beam position relative to the optical axis of the quadrupoles, solenoids, accelerating cavities and others.
Beam based trajectory measurement is an example of an inverse task. In this case, the model parameters p j are two shifts and two tilts of the relative trajectory at some point inside the element. The experimental data points V exp,i are responses of the trajectory in BPMs to the element strength variation. In general, the model has 4 adjustable parameters but for most short elements, such as quadrupoles, the tilts give too small of an effect to be reliably resolved. Matrix M ji is composed of trajectory responses in BPMs to base shifts of the trajectory. Due to the linear nature of the problem, only one iteration is needed to determine the relative trajectory.
For circular machines, the standard method is used to get the closed orbit distortion at the exit from an element:
where X 0 is the coordinate vector of the particle with zero initial displacement at the exit from the studied element. The 6D approach, in comparison to 4D, allows to automatically account for the effects of the energy deviation, since periodicity of the longitudinal degree of freedom follows from the used equation. This method is not applicable for circular machines with tunes close to integer resonance. The preexisting distortion of the closed orbit will be changed due to the change of betatron tunes, introducing systematical errors in the measured responses.
During the correction, the directly or indirectly found distortions must be compensated for with selected set of correctors. This is again an inverse task. The variable model parameters p j are now the strengths of the correctors. Matrix M ji is composed of probe responses of the trajectory to the selected correctors. The flexibility of the SVD based method allows to control the balance between the correction quality and the strengths of the applied modifications.
The model, in this case, linearly depends on the parameters, but several iterations may be necessary if the theoretical closed orbit distortions from the correctors are used and they differ from the real ones.
IV. LINEAR LATTICE CORRECTION
There are two different approaches to lattice correction. The first is aimed at achieving the best possible understanding of the studied accelerator and consequent correction, that often requires mechanical alignment of the elements. The second is a simplified approach suitable for fast routine use, and aimed to correct beta functions, dispersion, betatron tunes, coupling and other derived properties of the machine.
For the first approach, variable parameters of the model should be as complete as possible, including, for example, gradients in the main dipoles, quadrupole rotations and other parameters that cannot be corrected from the control room alone. After the lattice errors are measured, at least one of the following actions is required:
• Realign quadrupoles, correctors, BPMs, etc.
• Adjust individual quadrupole currents.
• Adjust the model if some errors are unremovable.
The faster method of lattice correction assumes that the variable parameters of the model contain only those that can be corrected immediately, for example, gradients corresponding to individual power supplies and various calibration coefficients. In this case, some residual systematic errors will remain but the resulting model will represent best fit of all inner imperfections with available knobs.
To decrease degeneracy and obtain the best understanding about the real lattice configuration, it is beneficial to collect as much experimental data as possible. Further in this section, all data sets implemented in "Sixdsimulation" will be discussed.
A. Closed orbit responses to dipole correctors
This is the most basic set of experimental data that can be measured naturally in most accelerators. It provides a good overall signal-to-noise ratio and allows to reconstruct beta functions and phase advances between BPMs and correctors.
B. Dispersion
If directly measured and included into experimental data, dispersion can be corrected to the level of measurement precision or to the level allowed by the flexibility of machine adjustments knobs. If not included, it is prone to relatively high residual errors, since it is indirectly connected to the closed orbit responses.
C. Betatron tunes
Since betatron tunes are just full machine phase advances, they can be reconstructed from the orbital responses with good precision. In most machines, it is possible to measure and correct betatron tunes precisely before measuring experimental data. Known betatron tunes could be used in several ways.
First, it might be beneficial to exclude tunes from experimental data and use them for independent cross check of fitted lattice. Second, if corrected to the model values, tunes could be included into the experimental data set with artificially small sigmas in order to stabilize the fitting algorithm, by prohibiting the use unrealistic distortions. In the case of big initial distortions, it will also give a smaller shift of the working point after the correction implementation. And, lastly, the tunes can be simply included into the experimental data set as a usual parameter.
D. Betatron tune responses to focusing elements strength variations
If the machine automation system allows precise betatron tune measurements, it could be useful to extend the experimental data set with betatron tune responses to focusing element strength variations.
Let us consider uncoupled motion in one plane, where µ 0 and ∆µ are the total phase advance and its variation due to a small change in the thin focusing element with integrated strength ∆F . If the variations are small:
then phase advance variation can be simplified to:
where β el is the beta function in the varied element. Skew-quadrupoles can also be used as a source of tune variations, especially if fractional parts of tunes are close to each other. For a non-resonant case, a variation ∆S of integrated strength in a thin skew-quadrupole gives:
(20) For a resonance case of cos µ x = cos µ y , even a small skew-quadrupole produces full coupling with indistinguishable modes. For a thin lens approximation the coupling parameter (tune half splitting) is:
with equal excitation of both transverse modes.
E. Beam shapes
If the particles emit enough synchrotron radiation in bending magnets, optical imaging systems can be used as precise beam position monitors. In addition, if the transverse sizes of the beam are much bigger than diffraction limits, cameras also give reliable information about transverse shape of the beam. The set of measured second moments of transverse beam distribution gives a simple way to expand experimental data with precise values reflecting transverse beta functions, emittances and coupling parameters. Similarly to betatron tunes, beam shapes can be excluded from fitting and used to crosscheck the adjusted model.
F. Closed orbit bumps responses to focusing strength variations
Valuable set of experimental data could be obtained by measuring closed orbit distortion variations in response to the focusing variation of individual elements or families. To measure such a response one needs to combine four closed orbit measurements:
1. The initial closed orbit V 0 .
2. The closed orbit distorted with some dipole corrector V b .
3. The closed orbit with correctors and focal strength variation V bf .
4. The closed orbit with only focal strength variation V f .
The combination:
gives the closed orbit bump response to the focal strength variation separated from the initial response of the closed orbit.
One of the main drawbacks of this method is low signal-to-noise ratio of the data. Let us estimate the typical value of response in a simplified approach, using the following assumptions:
• No transverse coupling.
• All elements and correctors are thin, and the varied element is a normal quadrupole.
• Bumps are created by a single corrector with fixed invariant excitation A corr .
• There are many correctors, so that it is always possible to chose one that creates the biggest orbit distortion in the varied element for a chosen invariant excitation value A corr √ β el .
• Variation of phase advance across the ring from the element's focusing strength variation is small (∆µ ≪ 1 and ∆µ ≪ tan µ 0 ).
For a given orbit distortion of A corr √ β el at the element location, the element's focusing strength variation will induce a trajectory kick:
The kick will create a closed orbit distortion:
(24) Considering eq. (19) this corresponds to the excitation of orbit distortion with invariant A el :
Usually, tune variation can not exceed several units of 10 −2 , and sin πν lies between 0.1 and 1, therefore the bump variation is about 10 times smaller than responses to correctors. Implementation of local bumps could be beneficial, but it is not always possible.
For some cases the use of this data is highly recommended. First, if there is a region with large phase advance (∆ψ π) without correctors and BPMs it might be impossible to locate a source of distortion. For example, the interaction region in a collider is a particularly difficult case, because of the phase advance between the final focusing groups being close to π.
Another valuable outcome from the use of such data is the calibration of focusing elements. This is especially true for skew-quadrupoles, since the tune responses are insensitive to the polarity of skew-gradient variation. In the non-resonant case the tunes depend quadratically on skew-gradient variation (20), and in the resonant case the modes are excited equally (21).
Finally, each individually powered quadrupole will effectively give data equivalent to weak vertical and horizontal correctors with the same rotational error as parent quadrupole. Measurement of bump responses uses the same instrumentation as that needed for measuring standard LOCO data set an thus requires only additional time.
G. BPM-to-BPM betatron phase advances and beta functions in BPMs
Analysis of turn-by-turn BPM data of the kicked beam can provide both BPM-to-BPM betatron phase advances and beta functions in BPMs, all arbitrary scaled to the same coefficient [11] .
With enough BPMs this data set alone can be used to directly describe errors of the accelerator lattice. Lattice fit procedure can be used in this case to calculate corrections necessary to bring accelerator to the design configuration. If used alone, this data cannot provide reliable information about quadrupole gradients errors for lenses that form groups of 5 and more in between BPMs. Using this data set in conjunction with standard LOCO will improve beta function reconstruction in the areas close to BPMs.
V. EXPERIMENTAL RESULTS

A. VEPP-2000
VEPP-2000 collider was designed for the refinement of the cross section of the e + e − annihilation to hadrons in the energy range 0.4 ÷ 2 GeV [12] . VEPP-2000 is a small ring with about 24 m circumference operated in the single bunch mode. The concept of round colliding beams [13] is used to achieve high luminosity in two head-on collision points. The linear lattice is formed by 8 identical dipoles, 24 quadrupoles grouped in 6 families and 4 superconducting solenoids of the final focus regions. The ring has two-fold symmetry, with the exception of the RF cavity and the solenoidal field in one of the particle physics detectors (CMD), which is significant only at the beam energy below 300 MeV.
Beam diagnostics used for lattice corrections consists of 4 electrostatic BPM pickups, and 16 digital cameras that register synchrotron radiation. The pickups can measure turn-by-turn and averaged beam coordinates. The cameras provide relative beam positions and shapes, absolute position measurements are possible only after beam based calibration.
In order for the round colliding beams concept to work, the linear lattice should be precisely tuned. Table I • Solenoidal field of the CMD detector is not scaled with energy, which leads to energy-dependent lattice configurations, with bigger changes at lower energies.
• Small variations of the closed orbit lead to significant distortions of the linear lattice due to nonlinear fields.
• Iron saturation effects are significant at higher energies. After each energy change the closed orbit and lattice should be tuned to get the best performance of the collider. Therefore robust correction tools are important for the successful operation of VEPP-2000.
The main source of the closed orbit distortion at VEPP-2000 are the misalignments of the final focus solenoids. The proper alignment is very difficult due to the complex structure of the cryostat and significant coilto-coil forces that can shift solenoid components. Also no individual field measurements were done after full assembly.
The main task of the orbit correction in the VEPP-2000 is to align the closed orbit as close as possible to the magnetic axes of the elements. After achieving the best orbit, one can store ideal positions of the beam at the locations of the BPMs and use them for future orbit corrections. Plots in Figure 1 show the closed orbit in quadrupoles with and without correction. After good closed orbit correction is done, the next step in order to reach the best performance of the collider is the precise linear lattice correction.
One of the typical examples of critical necessity to use the advanced correction methods for the VEPP-2000 collider ring was the operation at the top beam energy of 900 MeV. Saturation effects in warm magnets caused FIG. 3 . Horizontal beta functions, vertical beta functions and horizontal dispersions in models fitted to match three consequent experimental data sets during VEPP-2000 lattice correction at 900 MeV significant distortion of lattice with beta functions being off by about one hundred percent. The correction with three iterations was implemented. The superconducting solenoids were already well calibrated and therefore were excluded from the set of variable parameters of the model. Figure 2 shows corrections to currents for different families of quadrupoles in three consequent iterations. Figure 3 shows normalized errors of beta functions (100×(β model −β f it )/β model ) and error of dispersion before corrections and after the first and second corrections. Beam sizes were excluded from experimental data for crosscheck, Figure 4 shows measured sizes compared to beam envelopes calculated from fitted models.
During the first correction, variations of the model were intentionally limited and therefore the fitted structure did not reflect actual condition of the accelerator. The second and third fits were not limited and demonstrated better agreement with the measured beam sizes. Convergence of excitation current corrections as well as increased luminosity also confirmed successful optimization of lattice parameters.
As it was mentioned above, VEPP-2000 has 16 digital cameras to measure both position and transverse shape of circulating beams. This means that there are, on average, about 4 and 8 measurements per 2π of betatron phase advance in horizontal and vertical planes. Therefore LOCO data set can be substituted with measurements of sec- ond moments. Measurements of beam shapes take just a few minutes compared to about 20-30 minutes for LOCO data set. It was found, that for VEPP-2000 first iterations of lattice correction can be done with experimental data composed of betatron tunes, dispersion and second moments, and only one final iteration is preferred to be based on data that includes responses to dipole correctors. Figure 5 shows second moments before and after 2 iterations based on beam transverse shapes.
Even though a good quality lattice was possible to achieve for the VEPP-2000 using standard LOCO data set expanded with dispersion and betatron tunes, some degeneracy still remains in the parameters space. For example, this data set is weakly sensitive to symmetric variations of solenoidal fields in the solenoids of final focuses. Degenerate degrees of freedom cannot be corrected by the standard method, and thus the entire correction procedure relies on having small initial errors associated with the degenerate degrees of freedom. Degeneracy shows itself as small singular values. Therefore, the modified data set with resolved degeneracy should have raised the exponential tail in the spectrum of singular values.
Additional data sets mentioned in section IV were implemented in "Sixdsimulation" solver with the aim to reduce the effect of big initial errors in degenerate degrees of freedom. ters:
• Standard LOCO, dispersion, betatron tunes.
• Same as above plus bump responses to focusing strength variations.
• Same as above plus betatron tune responses to focusing strength variations.
It is obvious that additional data reduced the degeneracy, for some singular values by as much as a factor of 100. The remarkable improvement for the four smallest singular values correspond to the resolution of degeneracy resulting from the similarity of the effects of *D1 quadrupole rotation and gradient in the adjacent skewquad *SQ2, where * stands for the number of one of the four families. Option to use additional data sets was implemented during last shutdown of VEPP-2000 and will be tested experimentally later.
B. Damping ring of the VEPP-5 injection complex
Reliable operation of the injection complex VEPP-5 is crucial for both VEPP-4m and VEPP-2000 colliders at BINP, since it is the only source of positron and electron beams for these machines [14] . One of the key components of the injection complex is the damping ring. The ring has two fold symmetry and is formed by 8 identical dipoles and 28 quadrupoles grouped in 7 families. Beam based corrections were applied at damping ring to better understand its configuration.
First, manual corrections were done, to ensure correctness of commutations of BPMs and correctors, approximate calibrations, betatron tunes and some other parameters. Rough setup of lattice allowed to use beam based method of closed orbit alignment along quadrupoles' axes. Figure 7 illustrates correction of closed orbit in quadrupoles on an example of vertical orbit. Lattice corrections were done with 14 BPMs with about 100 µm resolution, 20 horizontal and 12 vertical correctors. In order to stabilize fitting, all elements in the families were assumed to be identical. Later assumption were applied to quadrupoles, calibrations of correctors and calibrations of BPMs. Due to the absence of skewqudrupoles in the ring, coupling effects, such as vertical dispersion, vertical orbit responses to horizontal correctors and vice versa were disregarded. Resulted optical functions for fitted lattices before and after corrections are presented in Figures 8 and 9 . 9 . Vertical beta function in fitted models before and after corrections. All elements from the same family assumed to be identical.
C. FAST
The low energy part of the FAST linear accelerator based on 1.3 GHz superconducting RF cavities was successfully commissioned at Fermilab [15] . After the initial setup of FAST was completed for the 2016 run the modeldependent orbit correction relative to the quadrupole magnetic axes was done, resulting in less than 500 µm errors in both planes. Figure 10 illustrates trajectory correction at the FAST on an example of the horizontal plane. Lattice correction was done for the real experimental setup of capture cavities and quadrupoles. First, the parameters of focusing elements were fit by analyzing trajectory responses to the dipole correctors. Then, initial conditions were reconstructed with the help of beam second moments measured at several beam profile monitors located along the FAST beam line. Figure 11 shows the difference of the trajectory responses calculated with the initial and the fitted models along with measured data on an example of the vertical and horizontal dipole correctors H101 and V101. Figure  12 illustrates the difference in beam envelopes calculated using the model with quadrupole's gradients derived from set currents and from the fitted model for the optimized initial conditions.
VI. CONCLUSION
Whenever possible, the design of new machines should incorporate proper distribution of diagnostics and cor- rection elements, and have a provision for adequate correction methods. When such measurement and correction schemes cannot be implemented, for example due to the lack of physical space, the required level of magnetic optics precision can be attained by other means. The enhancement of experimental data can help in such situations. In particular, the proposed measurement of responses of orbit bumps to variation of focusing strengths uses the same instrumentation as that needed for standard LOCO.
All of the discussed algorithms have been implemented in the "Sixdsimulation" software, which is available upon request. "Sixdsimulation" computes fully coupled linear lattice parameters in 6-dimensional phase space and can be integrated into existing accelerator control systems, thus allowing to measure or load experimental data, pro-cess it and implement corrections from one program. Flexibility of "Sixdsimulation" is demonstrated by application to several different accelerators. Simulations confirms that the extended LOCO algorithm implemented in the code can be effective in resolving degeneracies, which can save time during commissioning and increase reliability of existing machines.
